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ABSTRACT. This paper aims to study the skew ruled surfaces by using the quasi-frame of 
Smarandache curves in the Euclidean 3-space. Also, we reveal the relationship between Serret- 
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the quasi-frame. Besides, some comparative examples are given and plotted which support our 
method and main results. 
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]. INTRODUCTION 


A ruled surface is a curved surface which can be generated by the continuous motion of 
a straight line in space along a space curve called a directrix. This straight line is called a 
generator, or ruling, of the surface. The importance of the ruled surface lies in the fact that it 
is used in many practical applications in computer aided geometric design. The ruled surface 
can be parameterized using the Serret-Frenet frame, however, this frame is undefined wherever 
the curvature vanishes, such as at points of inflection or along straight sections of the curve 
[8]. Thus, Bishop introduced a new frame along a space curve which is more suitable for 
applications [6]. But, it is well known that Bishop frame calculations are not an easy task, see 
24]. Therefore, various alternative methods have been proposed for computing the ruled 
surfaces, see [14]. Klok defined the sweep surfaces using rotation-minimizing frames [17]. 
A robust computation of the rotation minimizing frame for sweep surfaces was introduced by 
Wang [23]. Inspired by the work of Coquillart [11], Mustafa introduced a new adapted frame 
along a space curve and denoted this the quasi-frame [20]. 

This paper is divided into three main parts. The first part 1s the introduction, which gives a 
brief 1dea about this article. The second part deals with the basic concepts of the theory of the 
classical differential geometry of curves in Euclidean 3-space. Also, the concepts of the quasi- 
frame and quasi-equations are highlighted. The main results of this paper, which deal with the 
study of skew ruled surfaces by using the quasi-frame of Smarandache curves are presented in 
third part of this paper. Moreover, some computational examples are illustrated to confirm the 
effectiveness of the proposed method. 


2. PRELIMINARIES 


Let œ = a(s) be a unit speed curve in Euclidean 3-space E’; by &(s) and 7(s) we denote the 
natural curvature and torsion of o; = a(s), respectively. We assume o (s) Æ 0 for all s € [0, L], 
since this would give us a straight line. Throughout the paper, œ (s) denotes the derivative of 
a with respect to arc length parameter s. For each point of a(s), the set {t(s), n(s), b(s)} is 
called the Serret-Frenet frame along a(s), where t(s) = a (s), n(s) = o (s)/ ||a (s)|| and 
b(s) — t(s) x n(s) are the unit tangent, principal normal, and binormal vectors of the curve at 
the point a(s), respectively. The arc-length derivative of the Serret-Frenet frame is governed 
by the following: 


t (s) 0 K(s) 0 t(s) 

(2.1) n(s |={ —«(s) 0 T(s) n(s) 
b (s) 0 —T(s) 0 b(s) 

Although the Serret-Frenet frame can easily be computed, its rotation about the tangent of 
a general space curve often leads to undesirable twist in motion design or sweeping surface 
modeling. Also, the Serret-Frenet frame is not continuously defined for a C!-continuous space 
curve, and even for a C?-continuous space curve the Serret-Frenet frame becomes undefined at 
an inflection point (1.e., curvature & = 0), this causing unacceptable discontinuity when used for 
surface modeling. In order to resolve the above problem of the Serret—Frenet frame, Coquillart 
and Mustafa et al. introduced a quasi-frame of a space curve as follows [20]: 
Given a unit speed curve œ = a(s), the quasi-frame (or simply Q-frame) along a(s) is given 
by 

t xÇ 


(2.2) ei(s)— t(s), €o(s) = yt xc] e3(s) = t X ey, 
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where Ç is called the projection vector. The relation between Serret-Frenet frame and quasi- 
frame is given as follows [19]: 


€1 1 0 0 t(s) 
(2.3) e; | =| 0 cosy sing n(s) 
e3 0 —siny cosy b(s) 


By taking the derivative of Eq. (2.3) with respect to s and using the inverse transformation, we 
obtain 


/ 

€4 0 K1 Ko €1 
/ 

(2.4) €5 = — K1 0 K3 €2 
/ 

e; —K3 —K3 0 e3 


The triple (K1, K2, &3) is called the Q-curvature functions of a(s) and denoted by 


Kj = KCOS (p =< e], 627, 
(2.5) Ko = —KSINY =< ej, €3>, 

K3 =T + p =< e5, 037. 
In terms of these quantities, the Q-geodesics, Q-line of curvatures, and Q-asymptotic lines on 
a smooth surface may be characterized as loci along which kı = 0, k3 = 0, and kə = QO, 
respectively. The Q-frame have many advantages over Serret-Frenet and Bishop frames. For 
instance, the Q-frame can be defined even along a line (1.e., curvature x = 0). However, the 
Q-frame is singular in all cases where t and ¢ are parallel. Thus, in these cases, where t and ¢ 
are parallel, the projection vector ¢ can be chosen as € = (0,1,0) or G —(0, 0, 1) (for details, see 
[19]). 
Remark 1. If «3 = 0, then the Q-frame {e;(s), es(s), e3(s)} turn out to the Bishop frame. In 
this case, one can show that: 


Kı = KCOSY, Ko = K SİN Y, o = tan! (2) : dur =O 
(2.6) $ 
P — Po = — f rds. 
SO 


3. DIRECTIONAL RULED SURFACES 


The parameterized surface 
(3.1) M : P(s,v) = a(s) + vL(s), v € R, 


is called a ruled surface; a(s) is called the base curve, and the line passing through a(s) which 
is parallel to L(s) is called the ruling of the surface at o (s). The surface P(s, v) is regular, if 
P, x P, 4 0 for all points, where P, and P, are the partial derivatives of P(s, v) with respect 
to s and v, respectively (see [18]. 


3.]. Directional Smarandache curves . It is known that Smarandache geometry is a geome- 
try which has at least one Smarandache denied axiom [1]. An axiom is said to be Smarandache 
denied, if it behaves in at least two different ways within the same space. Smarandache geome- 
tries are connected with the theory of relativity and the parallel universes. Smarandache curves 
are the objects of Smarandache geometry. 

Consider a curve œ = a(s) in IE? and let {e;(s), e2(s), e3(s)} be a quasi-frame of o and x, 
K2, and «3 the curvature functions in arc length parameter s of a. So, we have the following 


definition (for more details, see [6] 9} [22]). 


Definition 3.1. A regular curve a(s) in I?, whose position vector is obtained by quasi-frame 
vectors of another regular curve r(s) is called Smarandache curve. 
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In the following examples, we investigate some special Smarandache curves of a given curve 
according to its quasi-frame called e;e2—, €1€3—, ese3— Smarandache curves and then obtain 
some of their differential geometric properties which represent the main results. 


3.1.1. ejeo-Smarandache curves . Let r = r(s) be a space curve in IE?^with Q- frame {e;(s), 
e»(s), e3(s)}. Then the e;e3— Smarandache curves of r are defined by 


(3.2) a(3) = v arak 


The curvature functions Ka and Ta of a can be computed as follows: 


1 Ki (2&1 + (Ka + 3) ^)? ? 
ka = > + (KhK1 + KR — Ki (Ko + k3) — ko (2K? + (Ko + k3) ?))? 
1 E (I + Khk — Ki (Ka + K3) + 3 (252 + (ko + &3) ?))? 
1 
(3.3 à = 2 («3 + 5 (2 + ks) j e 


(KK, — KR] + Ky (Ko + K3) + Ka (2&1 + (19 + 3) ?)) 
(kkka + (3&5 + 2K5)K3 + Ky (31, + K? + ké +43) — Kl 
— (K3K1 + Kok — RA (Ka + Ka) + Ra (283 + (Ka + R3) ^)) | 
((2k + 3&5) 3 + 3 — Ky (13K, + kK? +5 + R$) + 4) ! 

— 4 (2K? + (k2 + K3) *) 

(—K3K1 + KK + 2&1 (Ka — Ka) + (Ka + Ka) (R1 + R35 + K3) — KZ — K3) 

Ky (2&1 + (Ke + 3) ”) * 
(3.4) Ag= | (Kg + KOK, — KY (Ko + K3) — Ke (2K? + (ka + &3) ?))? 
+ (1 + KQK1 — RA (Ko + Kg) + Ka (21 + (K2 + 53) ))* 


A 
hy? IN 


3.1.2. e,e3-Smarandache curves. Let r = r(s) be a space curve in IE?^with Q- frame {e;(s), 
€(s), e3(s)}. Then the e;e3— Smarandache curves of r are defined by 


(3.5) TE ^ CP 


The curvature functions «g and Tg of 5 can be computed as follows: 


1 ((=k1 + 3)R2 + Ky (285 + (f1 — 53) ^) + RQ (1 — ka) V? 
Kg = — Bea) ! 
Hı + ((—& + K3)K2 + Kb (K1 — Ka) + (Qk + (kı — Ka) 2) Ka) 2 


] 
2 («3 + ; (kı — sa) ?) TA 


(3.6) y, 
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Ko (215 + (K4 — K3) °) 

(n + a) a + 265 (f + ha) + (1 — fa) (1 + Ka + HB) — M1 + Fa) 

v2 -(- Ki + K3)Ka + Fa (2&3 + (Ky ~ a) ) + 5 Ka — K3)) 
H2 


TB m (— K3 (s — 3K3) — 2k Ks + Ko» (345 -F ET + KS a K3 m ko) 


4) 
— ((—k& + K3)Ka + K3 (Ki — Ka) + (255 + uS — Ka) ^) Ka) 
(—2&^5&4 + K (8&1 — k3) — Ko (13K) + K? + K$ + R$) + KS) 
((—Ky + KS)K2 + Ky (2&3 + (K1 — Kg) ^) + Ko (Ki — Ka))^ 
(3.7) H = +K (2&5 + (Ky — 3) ?)* 
+ ((—K1 + K3)K2 + KS (K1 — Ka) + (2&5 + (K1 — Ka) ^) Ka) ^ 


3.1.3. e2e3-Smarandache curves . Let r = r(s) be a space curve in IE? with Q- frame {e;(s), 
e»(s), e3(s)}. Then the ese3— Smarandache curves of r are defined by 


(3.8) Y)» 75 (ei e). 


The curvature functions «x, and T, of y can be computed as follows: 


NIP| 


(Ky + K2) ^a + 2K3°) 2 
+ (K; (Ky + K2) — (KL + K5)Ka + Fi ((K1 + K2) + 283))* | 
MLN + (= (Fa + K2) + (Ki +) Ra + Ko ((K1 + Kg) ? + 2&2))? 


ji 
2 G (Ky + K3) ^ + 4) e 


it 


(3.9) Vy 


— (K3 (K1 + K2) — (K1 + AQ) Kg + Fa ((K1 + K2)” + 2K3)) 
(Qh Ko + Ko (K1 + 3k2) + Ka (3&5 + K? + K$ + KS) — KS) 
22 v2 + (C$ (Ka + K2) + (1 + 5) s + Ke ((K + 2) ? + 23) | 
LEE (2555 + & (3&1 + Ke) — k3 (— 3K3 + KI + 3 + 3) + K3) 
+43 ((&1 + 2) * + 2K3) 
(245 (&1 — K2) + (K1 — RQ) Ka + (K1 + k2) (1 + K3 + 3) — KY — 83) 


(Ky + K2) ee + 2K3°) 2 
(314) = + (Ki (Ki + K2) — (K1 + K5)Ka + F1 ((K1 + K2) ^ + 283))* 
+ (— K3 (K1 + K2) + (K1 + K5)R3 + Ka ((K1 + Kg) * + 243) * 


3.1.4. e,e2e3-Smarandache curves. Let r = r(s) be a space curve in IE? with Q-frame [ej (s), 
e3(s), e3(s)}. Then the e,;e2e3— Smarandache curves of r are defined by 


(3.11) ó(s) = (e1 TET ez) . 


ES 
V3 


The curvature functions «s and 75 of ô can be computed as follows: 
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—K5 (Ky + K2) + Kh (—K4 + K3) + Ki Ko + Ka 
+22 (KI + R$ + Ki (Ka — Ka) + Kok3 + R$) 
Vs F K^ (Ki + K2) + K3 (K1 — Ra) — Ky (Ka + K3) i 
V2£, +2k3 (KI + K3 + K1 (Ko — Ka) + KaKa + K$) 
2 
" Kg (Ky + Ko) + Kh (K1 — K3) — K, (Ko + K3) 
+21 k + K1Kə + k T (—Ky EE Ka) K3 t K3) 


(3.12) 61 = (2 (ki p ES + Kı (Ko — K3) + KoKsa + K3) m i 


bo 
Nie 





—2K» (Kt + K2 + K1 (Ko — K3) + Kok3 + K3) 
| & (3&3 + K3) + 2&5 (Ki + k3) + kh (Ko + 3&3) 
+ (ra — f3) (K1 + K3 + R3) — KT + R3 
K3 (K1 + K2) + Ka (R1 — Ks) — K1 (K2 + Kg) 
e v3 +23 (K? + K2 + K4 (Ko — K3) + Kok3 + K3) | 
E, | 25 (Ki — K2) + Ky (—3&1 + K3) — &5 (3&2 + Ka) l 
+ (fa + 2) (1 + K3 + K3) — KY — Kg 
K^ (Ki + K2) + Ka (K1 — Ks) — Ri (Ka + K3) 
+2kK1 (K? + Kika + R$ + (—k1 + K3) Ka + K$) ) 
( Kh (K1 + 3&3) — Kg (1 — 3&3) + 2k, (Ko — k3) 
+ (a + a) (Ky + Ka + K3) — K3 — F2 


kh (Ky + Ko) + Kh (K1 — K3) — Ki (Ko + K3) 


42k (K? + K3 + Ky (Ka — Ka) + Kaka + K3) 

2 
(3.13) £j | q (3 (i + K2) + ra (k1 — s) — f Ra + na) 
T2kK3 (Kí + K$ + Kı (Ko — K3) + Ko9K3 + K) 


/ / / í 
K^ (Ky + K2) + RS (Ki — Ka) — Ky (Ka + K3) 
--2K4 (k + KyK2 + T a (—Ky + Ka) K3 T K3) 


( —K (K1 + K2) + Kh (—K1 + kg) + 1 (Ko + Ks) ) 


+ 


3.2. Examples. 
Example 3.1. Assume that the curve r(s) is given by 
r = (sin (ef) ,sin (ef) , ef). 
It is verify that the Serret-Frenet curvature and torsion of this curve are obtained by 
V2 sin (e?) 


——————— cs and T = 0, 
(2 + cos (2e5))?? 


K = 


respectively. 

Hence T = 0; the angle between the rotation minimizing frame (Bishop frame) and the Serret- 
Frenet frame is constant, therefore the Bishop frame is also not suitable for this example. The 
quasi-frame can be calculated by 


1 cos (ef) 
€1 = EN m 0, a , 
( \/1+ cos? (e*) 4/1 + cos? =) 
1 cos (ef) 
€2 = E a) 0, oo ? 
V l--cos?(e5) 4/1 + cos? =) 
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cos? (e*) cos (e?) 
Q4 = ——————— ————— 
° \/1 + cos? (e*) \/2 + cos (2e5) fy A = ADS "4/1 + cos? (e5)4/2 + cos (2e*) 
Also, the quasi-curvature functions are obtained as follows 


e? (sin (ef) + cos (e?) sin (2e*)) 


Ky = ? 
I + cos? (e°) (2 + cos (2e*))?^ 
e* cos? (e*) sin (e) e? sin (ef) 
Ko — p—— €—————————— PY A ——————— À]Oo»———n: SEEN eS a 
1 + cog? (e*) (2 + cos (2e5))^ (2 + cos (2e8))?/? , /2 — Oe) 
eê cos (e?) sin (2e?) 
1 + cos? (e) (2 + cos (2e°))* 


e? sin (2e?) 


ky = —— n 
f 2 + cos (265) (3 + cos (2e5)) 


Now, we can construct the following Smarandache curves according to quasi-frame vectors 
as follows: 


1. e1e5— Smarandache curve 
The e4e;—Smarandache curve a is given by 


e, + eo 


JO 


and can be calculated as follows 


1 cos(e?) 
+ (- A UTERIS - i 4/ 2-«-cos(2e*) 
| cos(e?) | 
= v/24 / 2--cos(2e3) 


| cos(e?) = 1 
4 (5235 4/ 1+cos? (e 4/ 2--cos(2e*) m 
Using Eqs. and (3.4), the curvatures of o are computed as follows 
e95 (12 + 9 cos (2e?) + cos (4e*)) 
€? gin? (e°) 
(64-5 cos(2e5)4-cos? (2e5))9 






(134-10 cos(2e$)--cos(4e5))? 


n ee ^ ) 4/2 + cos (2e*) \/3 + cos (2e*) J. 
1 = 


+3 cos (4e*) 


7 EST. 


The ruled surface generated by the base curve r and generator o is given by 


Mı :Wi(s,t) - 6--to;t€ R, 
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Figure 1: The quasi-spherical curve a. 


which 1s calculated as follows 


t cos(e?) 


a VOOR a =n : S 
V/24/ 24-cos(2e*) 4/ 34-cos(2e5) JOBS (e ) 
t cos(e?) s 


t cos(e?) 


S t 
eS v/24 / 2--cos(2e3) T 4/ 34-cos(2e5) 


The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures 2a|and [2b] 
respectively. 





Figure 2: (A) VW with Frenet vectors. (B) W with quasi-normal vectors. 


2. e1€3— Smarandache curves 
The e,e3—Smarandache curve 6 is given by 


e; T €3 


p= 
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and can be calculated as follows 
cos(e*) (cos(e*) + 1--cos? (es) ) 


4/ 2--cos(2e3)4 / 3--cos(2e3) 
8 = 4 (5295 | c€os(e?) — ee — 
4 / S / 2 
2--cos( 2e) 2— aeos 208) 


cos(e? )--4 / 1+cos? (es) 


4/ 24-cos(2e3)4 / 32-cos(2e5) 


From Eqs. and (3.7), the curvatures of 8 are computed as 


esses 


(81 + 79 cos (2e?) + 15 cos (es ) + cos (6e*)) sin? (e°) 
(2+cos(2e*))° (3+cos(2e*)) ' 


K = ; 
(= (15-10 cos(2e3)--A/24 / 3--cos(2e5) (5 cos(e* )--cos(3e*))--cos(4e*) ) sin? (e5) m 


(64-5 cos(2e*)+cos? (2e3))* 
) + cos (3e*)) + cos (4e) 








E€ = (15 + 10cos( (2e? )4 V2 3 + cos (2e*) (5 cos (e 






7, ANS SEN SS 
a 


TN 









M 


AN 











Figure 3: The quasi-spherical curve f. 


The ruled surface generated by the base curve r and generator 6 is given by 
M : Wo(s,t) —-r-c4tB;teR, 


which is calculated as follows 
t cos(e?) (cos(e*)+ 1+cos? (e*)) : 
+ sin (e) 
4/ 24-cos(2e3)4 / 34-cos(2e*) 
t (v2 cos(e?)—4/ 3--cos(2e*)) " 
M —— — — — + sin (e?) 


VWa(s t) H 24/ 24-cos(2e5) 
t (cos(e*)-- 1--cos? (e*)) 


um 4/ 24-cos(2e3)4 / 3--cos(2e*) 


The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures 4a|and [4b] 


respectively. 
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Figure 4: (A) Yo with Frenet vectors. (B) Yə with quasi-normal vectors 


3. e5e4— Smarandache curves 
The ese;3 —Smarandache curve y is given by 
e5 + e3 


^Y S V ’ 





and can be calculated as follows 
cos? (e$) —4 / 2--cos(2e5) 
4/ 24-cos(2e3)4 / 32-cos(2e*) 


2--cos(2e?) 





M 2 3+cos(2e$ ) 
cos(e*) (1+ 2--cos(2e*)) 


4/ 24-cos(2e3)4 / 3--cos(2e*) 
According to Eqs. and (3.10), the curvatures of y are computed as 
e65 (12--9 cos(2e5)--cos(4e*)) e3 sin® (es) 
es v2 (134-10 cos(2e5)--cos(4es))? 
e25 (29-3124 / 2--cos(2e?)--4 cos(2e*) (6+ 2--cos(2e*)) +3 cos(4e*) sin? (e5) Me 
(134-10 cos(2e$)--cos(4es))* 
2971 + 15844/2 + cos (2e5) + 8 cos (2e?) 
(453 + 2054/2 + cos 2e*)) 

BRE +4 (263 + 844/2 + cos (2e*) cos (4e*) 

+8 (19 + 34/2 + cos (2e*) cos (6e*) + 9 cos (8e*) 


2 EST. 


The ruled surface generated by the base curve r and generator ^y is given by 
Ma: W3(s,t) =r+ty7;teER, 
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HESS 


MAN | 





Figure 5: The quasi-spherical curve ^y 


which 1s calculated as follows 


t (cos? (e*) - /24-cos(2e*)) E (es) 
4/ 24-cos(2e3)4 / 32-cos(2e*) 

o t . S 
W3(s, t) — 9 mcm (e ) 


t cos(e?) (14 2--cos(2e* )) 


ar 4/ 24-cos(2e3)4 / 32-cos(2e*) 


The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures 6a|and|6b| 
respectively. 








Figure 6: (A) Wa with Frenet vectors. (B) Ys with quasi-normal vectors. 


4. e1e5e5— Smarandache curves 
The e1€e2€3— Smarandache curve ô is given by 


i eor Es 


Jp 
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and can be calculated as follows 


cos? (e3)-4-cos(e?) 4 / 12-cos2(e*) — 4 / 24-cos(2e*) 
v/34 / 1--cos? (e3)4 / 2--cos(2e5) 


a | cos(e?) 1 
o \/ 2+cos( 2e5) 4 / E TOT 
4/ 12-cos? (e3) 4-cos(e?) (14 2--cos(2e*)) 
v/34 / 1--cos? (e3)4 / 2--cos(2e5) 


In the light of Eqs. (3.12) and (3.13) The curvature and torsion of ó are computed as 


3 /[e95(1249 cos(2e*)4-cos(4e*)) e; sin® (es) 
2 (64-5 cos(2e5)4-cos? (2e5))9 


e sin (6) a 
12 + 34/2 + cos (2e3) + v2 cos (e 3 + cos (2e°) 
a = (2 + cos (2e?) — 4/2 + cos D 
+ cos (2e?) ) (9+ v2 + cos (2e*) ) + cos (4e*) 
12 +.3\/2 + cos (2e") 


T= +v2 cos (e*) 4/3 + cos (2e°) (2 + cos (2e?) — 4/2 + cos 2e*)) 


+ cos ( (2e*) ) (9+ 2 + cos ( (2e) )) + cos ( (4e*) 


? 


FAS XN 


ENS 


{| iN 
Y 





Figure 7: The quasi-spherical curve ò. 


The ruled surface generated by the base curve r and generator ô is given by 


M, :W4(s,t) 2r-tó;t€ R, 
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which 1s calculated as follows 


V/34 / BEN (e$)4/ 24-cos(2e5) "I (e ) 


V,(s,t) = NE fen a - m) + sin (e?) 
4/ 24-cos( = 4/2 M A 
: t(4/1+cos? (e°)+cos(e s)(1+ 2--cos(2e*)) ) 
v/34 / 1--cos? (e$)4 / 24-cos(2e$) 


The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures |Ba|and [8b| 
respectively. 





Figure 8: (A) Y, with Frenet vectors. (B) Y, with quasi-normal vectors. 


Since the Serret-Frenet frame vectors (normal and binormal vectors) are not defined at points 
where the curvature of the curve is zero. Hence, the analytical expression of the ruled surface 
around a straight line 1s not obtainable. Therefore, in the following example, we obtain the 
analytical expression of the ruled surface generated by a line with a quasi-frame vectors. 


Example 3.2. Consider the curve r(s), given by 
r={e e0): 


It is easy to see that this curve is a straight line and Serret-Frenet curvature vanishes. 
The quasi-frame vectors can be calculated by 


«= (449) 
EDO. 


Smarandache curves of r are constructed as follows 
11 1 1 1 1 
— s s — (1.0.0 = | ~,-—~, —= 
Q G ) 2 ) 5) y D ( ) y ) ? d (; ? J ) 5) 
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The ruled surfaces generated by the line with the quasi-frame vectors are, respectively given by 
t i o * 
Wi(s,t) = $+ et + -—, = 
i(s, t) (e To ERAI 
Wo(s,t) = (&-t1,€5,0), 


t t t 
Ww t = S _ ee ee . 


These ruled surfaces are shown in Figure [9| 





Figure 9: Ruled surfaces generated by straight lines with quasi-frame vectors. 


4. CONCLUSION 


In this study, ruled surfaces constructed by Smarandache curves according to quasi-frame are 
discussed. Also, some special Smarandache curves and their differential geometric properties 


are investigated. Finally, computational examples to confirm our main results are given and 
plotted. All calculations and figures in this paper have been done by using Wolfram Mathemat- 


ica 7.0. 
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